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Graphs vs Simplicial 2-Complexes

) / A B 0-, 1-, 2-, 3-simplices

/\/\/ /N0, /-
P

e A e Y

Graph -
Simplicial 1-complex Simplicial 2-complex
G = (V,E) SC, = (V,E, T)

- Oriented simplices (equivalence
class of permutations)
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Where are SCs used?

- Network analysis

- Topological data analysis

- Topological signal processing
- Topological deep learning

- Numerical methods

- Computer graphics



Functions on simplices
Signals on nodes, edges, triangles, ...

- Flow-type data (natural)
- Physical world: traffic flow, water
flow, information flow...
- Forex: exchange rates
- - Game theory (Candogan et al. 2011)
- Ranking data (Jiang et al. 2011)

| X f \ f - Edge-based vector field
e/ e ej v 0‘; N discretisation (computer graphics)
y S

3/6 - i ()/12 - s
4 o _
\6/ N
Node function Edge function Triangle function
fo: V-oR i E—-R

T - R
fo= (oD o SN £y = (filey)s s filen ) f

- Alternating property
- Magnitude and sign 0-, 1-, 2-cochains in topology
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Algebraic reps. of simplicial 2-complex

Incidences & Laplacians

e 7 Edge-to-Faces
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Graph Laplacian: Ly = BB, Up
1-Hodge Laplacian: Li; = BIB1 T BzB;: Ll,d T Llau

Down
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GPS on graphs GPs from Euclidean to non-Euclidean

Modeling node functions

GP in Euclidean settings

« f,~ GP(0, K,) (Borovitskiy et al. 2021 |
0 ( 0) | y ) Functiononasetf: X - R
« Matérn graph kernel ' J~ GP(u, k)
-Predictive distributionfly
O(L)ty = w, with -Matérn GP family, e.g., diffusion
/ P d(-xa -x/)z
v k(x,x)=o exp< )
o) 2 22
(I)(LO) — I - LO and W, ~ N(O, 021) | - Disfcanoe—based_: geometry-aware, but not well-
K2 defined for manifolds, graphs ...
| - Instead, as solutions of SDEs (Whittle (1963); Lindgren
 The solution has kernel  etal. (2011))
| U 5+4
N,—1 —v < A) =W
2 T_ 2f “¥ ? -
Ky=o0 Z y(d,)uu, =o _21 + L, - A: Laplacian, w: white noise
1=0 K - Implicit, generalizable, domain-aware
- explicit fr somedi

(ZZ FA)™Y v < o0, Matern

py =9 " |
e~ 7% v = oo, Diffusion




Matern Edge GPs

Derived from SDEs on the edge set

- f, ~GP(0,K)) : —_— U =05k=1.0
EVD: L, = U,A U/

e Matérn graph kernel

21/ 2 ) OO 10
(D(Ll) — FI + Ll and W ~ N(O’ o I) - Low-pass in the eigen-spectrum
* The solution gives edge GPs

1) —v Smoothness
Matern: fl ~ GP(O, ( I L1> ) Node function — 0-form (scalar field)
K’2 Edge function — 1-form (vector field)
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Diffusion: fl ~ GP(O, €_TL1> Divergence

Curl



-Node signal v

Incidence & Laplacians

_ _ _ -Edge flows {
1st and 2nd order Discrete Derivatives
0.96 -1.34 0.52( 7 | | -
1 —2303 Gradient of node signal:  [fgl; ;; = [By V] 5 = [V]; — [V];



Incidence & Laplacians

1st and 2nd order Discrete Derivatives

4.8 -3.5 09(7
o122
S/ % (L, (K /é\ .
S N\ Divergence of edge flows: [B,f]; = Z £ — Z .
Net-flow = in_flow - out_flow 7< i<k
4/_6 . O\L(y
6 3.1

[B,f]s =0.5+2.6 (0.9 +2.6) = —



Incidence & Laplacians

1st and 2nd order Discrete Derivatives

/ le/
6103 of edge flows: [Byfl, = fi; ) + £ — fjipg, for 1 = [ j, K



Incidence & Laplacians

1st and 2nd order Discrete Derivatives

4.8 —3.5 09(7
1.2
S UTHe U /\ Gradient of node signal: B v 6l = vl = V],
N . ()»oo %) Q)
S/ Wo\_ ~ QN s Divergence of edge flows: [Bf];; = Z £ — Z £ i
/ (y Net-flow = in_flow - out_flow /<’ <k
1o 6 3.1 Curl of edge flows: [B,f], = f; ; + £;q — £, for t = [0, , k]

Net-circulation in triangles

[Bf]s =05+2.6-(0.9+2.6) = - Hodge Laplacians = Grad Div + Curl* Curl

[Bgf][l,z,g] =—-12+18-(-2.9) =35 Hodge Laplacian: L; = BlTBl + Bng
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Hodge decomposition

Lovasz et al. 2004; Lim et al. 2020

96 -1.34 0.52( 7

/VN: /\f\f ® ?\fggg\f /Sy /

S50 x@/ - S \“f)/

6 6 081 0\7 6

S Gradient flow Harmonic flow Curl flow
Edge flow = Curl-free, irrotational + Div- and curl-free _I_ Div-free, solenoidal

| £, ~ GP(0,K,) |

Hodge-compositional Edge GP |
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Appl

ications of Hodge decomposition

=7 T o ~ 1 e T T T ~ r v wy P - <,
Ay V% " PR o 7 S Wag et i V% iRl PRV . | N ) ol V%
J LN ¢ . X J P LA : . X /
WA .?_ . . WY LY v '\i, SRR . .‘.‘_ - < vy " sy v Vi, B g . .'.tv
. " i > v ( \ - i 3 M : v 8 et ’ k4
A \ ‘,. 2 ; o (TR Al 7 A
} " + K =4 e 4

A . " » & ¥ % )\ Ay & |

60°N g Py LA 60°N NS v i 4 o
» A '\\-»\h 1% % -y ! Y ' "
- 4 o \ . W W " L R if"

50°N E 50°N &

40°N [ = 40°N [ =

1:'~“~‘.~ R * - .. > "% ¥ B ’ '," >A ».:‘.‘ ; T v * 4 e e L 2w ’ 7‘ .II\"_“ ,._‘ )

, "_‘.V : « ‘ - ~ p ~ - : . L% . ’ 3 3 ’ N . ; ‘. ¢ .‘.,.‘ - "';'; ) T ., g 3 ‘-‘ v . ‘- A A ‘: \ \- ‘v

30°N g 30°N g e R LSS I LIRS RSP VR N & 30°N i ALY XA A AR A NN
20°N SIS

W ‘.‘ '."'*"\ >
iz A & B
20°N SRS oSN - P SNIE AN

10°N [ CAEE

100°E 136°E 172°E 152°W 116°W 80°W 100°E 136°E 172°E 152°W 116°W 80°W 100°E 136°E 172°E 152°W 116°W 80°W

Gradient flow Curl flow

Ocean currents Curl-free, irrotational Div-free, solenoidal

Chen, Yu-Chia et al. (2021) "Helmholtzian Eigenmap."

Forex USD  Arbitrage:
0.9930

0.9930 6.9579

- Water flows (div-free)
- Electrical currents (KCL)
voltages (KVL)

- Brain networks (Anand et al. 2022)

' - Game theory (Candogan et al. 2011)
- Ranking problems (Jiang et al. 2011)
- Random walks (Strang et al. 2020)

EUR 0.1447 CNY

palb ble _ .alc Arbitrage-free

f[a’b] 4 f[b,c] — f[a,c] — () Curl-free
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Eigenspace of L., spans Hodge subspaces

R e lrﬁ

- Nonzero Eigenspace of down Laplacian spans the gradient space .Slmp||c|a| Founer transformh

- Nonzero Eigenspace of up Laplacian spans the curl space

- Zero Eigenspace of Laplacian spans the harmonic space H Frequency — eigenvalues

— 2
/IG — HBluGHQ Gradient eigenvector A = ”BTll H2 |
Fourier basis reflecting divergent properties C 27CH2 our eigenvector
Fourier basis reflecting rotational properties
~0.28 012 074 7 ~0.32 0.03 044 7
NG U «rg
1 g ‘> Q"’ o 1 -jd\ Q‘J \ . — T
R VTV A /\jax
036_3 9 0.14 010 5 0.27 0\ 0.AL P ————— I
_026__ '3 — % QA2 __ '3 — 3 3 |
4 /_()14th3()‘ /5\’ 4 /009 QSt‘Q’()‘/Q@/ / % V/ QQ/ Ul — [UH UG UC] "/
~0.35 2776 001 ~0.58 %6 095 “h span(UH) _ ker(Ll) ;
o1 =080 foa= 161 o e  span(Ug) = im(B]);
| G/ — 17§
_01’50 . 51'220 0597 —0.48 —0.29 0.16( 7 _024 024 " span(UC) — im(Bz) '
_0: ~1.61 50 006 >
0.1 3 == A3 0 _() 83 3 /0 62
4 (/‘0440 SG'Al — 2.19 \Qé / Xi X@
0.31 <76 X ¥ 6 7 J
0.65 ~0.42 043
JGs=5.12 JGe=6. 08 Jos =441 A1 =0

13 Yang et al. Simplicial Convolutional Filters, 2022

Fourier basis — eigenvectors |
| C— E—

|
|




Eigenspace spans Hodge subspaces

- Down Laplacian, its nonzero eigenspace spans the gradient space

;> more divergent

- Up laplacian, its nonzero eigenspace spans the curl space

c» more rotational
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PR

Hodge-compositional Edge GPs

Curl-free, div-free GPs

fo~ GPO0.K.)

. Gradient kernel K; = Us¥P5(A;)U.;  Curl kernel K- = U P (AU

21/ U
Matérn family: W —(A )=02( > I+ A ) ., [ 1=H,G,C
K,

* Also as solutions of SDEs, e.qg.,

® (L, ) f, = W, with curl noise w- ~ N(0,65U-U/) and
’ e

2I/C 2 iL
OL;,)=| —T+Ly, ) o ®@L,;,)=e
C
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Hodge-compositional Edge GPs

Composition of three GPs on the Hodge subspaces

« Kernel: K| = K+ Ky + K-

 Mutual independence hypothesis

* Separate learning of different components

 Automatic determination of Hodge components,

instead of solving Hodge decomp.

 Edge Fourier Feature perspective

|

———

e— —_-—- -

Alternative formulation

via node-edge-triangle interactions
- Derivatives of GPs are also GPs
- Induce edge GPs from node and triangle GPs

- Induce node GPs from edge GPs

.

LT:._. R . N

e A e e A

non-HC GP

—_— .y =05k=1.0

0 10

HC GP

\Ifg, Vg — 2.5, Rg — 1.5
\IJC, Vo = 0.5, Ko = 1.0

[ \IJH,O'%I = 0.3




GP based Forex prediction
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GP based Ocean current analysis

Original Predictive mean Pointwise variance

| earned kernel
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State estimation in water supply networks

Based on the node-edge joint GPs
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Conclusion

 How to generalize GPs to non-Euclidean domains? SDE framework

» How to measure edge functions? Div and curl, like VFs

 What is a good edge GP? Edge dependency + Hodge decomposition
 Node-edge-triangle joint GPs Aain et al. 2023

 Continuous version: Euclidean VF Berlinghieri et al. 2023, Manifold VF Rrobert-Nicoud et al.
2024

Thank you!




Appendix

Diffusion kernels from diffusion processes

Diffusion on nodes Diffusion on edges




Tabular results

Table 1: Forex rates inference results.

Table 3: WSN inference results.

Method RMSE NLPD \ | Node Heads Edge Flowrates
: : - . Method
Diffusion Matérn Diffusion Matérn RMSE NLPD RMSE NLPD
Fuclidean 217013 219%+£0.12 2.12+0.07 220+ 0.18 Diffusion, non-HC 016 £ 005 0.72+4 2.06 032005 097+ 1.80)
Line-Graph 243007 246+0.07 228+0.04 2.32+0.03 Matérn, non-HC 016004 0711239 026 005 010x+0.13
Non-HC 248007 247008 236007 234004 Diffusion, HC 015004 —047+£0.14 022£003 -0.20£0.13
HC 008=0.12 006012 -352x002 -=-352+0.02 Matérn, HC 0154004 025048 023003 —-045=049
Table C.1: Ocean current inference results.
2
Method RMSE NLPD
Diffusion Matérn Hodge Laplacian Diffusion Matérn Hodge Laplacian
Euclidean 1.00 4001 1.00£000 — 1424001 1424010 —
Line-Graph 0.994£0.00 0994+0.00 — 141 £ 000 141 4£000 —
Non-HC 0.35 000 035£000 0.35=£0.00 0334£000 036003 0334001
HC 0.3 £0.00 035+£000 0.35=£0.00 0334+£001 037£004 0334001




Sampling gradient and curl edge GPs

Proof. We focus on the case of gradient GPs. First, we can decompose the gradient kernel in terms of U, =
[UH U(; U(;: as

0
K = U, ‘I’G(AG) UIT‘ (B'g)
0
From a vector v = (vy,...,vy, )" of variables following independent normal distribution, we can draw a random
sample of gradient function as
: 1 : .
fe = U,diag([0, V4 (Ag),0])v (B.10)

where diag([a, b, ¢]) is the diagonal matrix with (a,b,e)’ on its diagonal.

Therefore, their curls are
Twr 1e 1 - 1 |
curl f(; — 32 Uldlag([O, ‘I’(‘;(A(,),O]) — B.2 U(;\Il(‘;(A(;) = (). (Bll)

Likewise, we can show the samples of a curl GP are div-free.



Posterior distribution of Hodge components

" fulx) Ky Kj Ky Kil\

frr() K Kj Kj Kj

folz) Kq K/, Ko K

fo(x*) - K, K; K, K T
folz) | “N @ Ko K. Ko K- [5.£0)
fo(z®) N Ker K: K; K¢

fi(x) KHT K;{T K(,; K/ K(‘T K&T KIT K7

fi(z?) Ki' K KS K& K& K& K{ K{'])

where we represent the kernel matrices by K| = ky(z,z), K] = kj(z,2") and K| = k) (2", 2"), and likewise
for the other kernel matrices. Given this joint distribution, we can obtain the posterior distributions of the three
Hodge components as follows

ful@)|fi(@) ~ N (K K fi(2), Kif — Kif Ki'Kjj) (B.27a)
fo(@)|fi(x) ~ N (K& KT fi(e), K& - K& Ki'K) (B.27b)
folz™)|fi(z) N«'\"(K&TKl—lfl(m)»K('; - KE.~+K1—1KZ.~) (B.27c)

From these posterior distributions, we can directly obtain the means and the uncertainties of the Hodge compo-
nents of the predicted edge function.



