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Motivation

® Spatial and temporal inter-dependency of data
e Different possible machine learning tasks

{

Wind Farm Data loggers Collaborative robots
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Nonlinear Vector Auto-regressive(VAR) model

e A P-th order non-linear VAR model with N number of nodes

N P
il = DN P (ywrlt — pl) + unlt] (1)

n’=1p=1
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Nonlinear Vector Auto-regressive(VAR) model

e A P-th order non-linear VAR model with N number of nodes

N P
il = DN P (ywrlt — pl) + unlt] (1)

n’=1p=1

® Estimate fg’T)L,(.)
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Reproducing kernel Hilbert space (RKHS)

® Assume functions fg{,(.) in (1) belong to RKHS:

H) ::{ SR, () = Zﬁm K (y yf[t—p])}, 2)
t=0
° /{7(5)(., .) : R xR — R is the Hilbert space basis function, often known as the

kernel
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SIGIPRO
Reproducing kernel Hilbert space (RKHS)

® Assume functions ng)L,(.) in (1) belong to RKHS:

HY = {wauZBW S‘?(y,yf[tp])}, 2)
t=0

° /{7(5)(., .) : R xR — R is the Hilbert space basis function, often known as the
kernel

® Hilbert space is characterized by the inner product

(68 (g, 21), 68 (g, 22)) = 32520 kB (], 21) £ (y[t], 22)
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Non-parametric optimization

¢ For a node n, the least-squares (LS) estimates of
{f(p) cHP). ! = 1,...,N, p=1,.. .,P} are obtained by solving,

n,n’ n'

1T N P 2
(i, = i 5Z[wl >3 bt =)

) f(p),GH(p) —1p=1

szﬂllﬁi”nll (3)

=1p=1
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Representer Theorem

® The solution of (3) can be written using a finite number of data samples:

p+T—-1

72, (gl = 1)) Zﬁnn/(tpﬁ,(ff( fr=muwlt—s) (8

® Solution becomes prohibitive as number of data points increases
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Random feature approximation
RNP

Aserve inner product
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Random feature approximation
RNP

® Inner product preserving map

Preserve inner product
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Random feature approximation
RNP

® |nner product preserving map

e A. Rahimi and B. Recht, “Random

. features for large-scale kernel
Preserve inner product i " ,
machines,” NIPS'07
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¢ Obtain a fixed dimension (2D terms) approximation of the function fépi,

p+T—1

T, ([ = 1)) = Z B eezo = )T 20 (e[t — p])

<p) T

= C!n n v (yn’[T - p]) )

zy(x) = \/—E[sinle, ...,sinvpx,cosvz,...,cos vDaz]T.

simulamet

0 of 32



SIGIPRO

® Stack the entries of a
2. € R2PND

(»)

iy and z

(p)d (1) R2PND 3.4

to obtain the vectors o, €

_argmlnﬁ o, —l—)\ZZHa e, (7)

=1p=1
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n=N,n'=N,p=1
Lasso group

simulamet

Simula Metropolitan Center for Digital Engineering AS

11 of 32



SIGIPRO

Online optimization

® Replace the original loss function £"(a,) in (7) with a running average loss
function:

(o) =p Y A0 o) 9)
=P

where I (o,) = Llyn[7] — @) k-]
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® convex loss and non differentiable regularizer

N P
&, = argminf} () + A Y D ), o (10)
" n/=1p=1
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® convex loss and non differentiable regularizer
. N P
&, = argmin ' () + 2 Y- D lla?) o (10)
n/=1p=1
® (Closed form solution
el lt+ 1= (@l [ = w11

[1 B A 1{n ;é n } ]
) 18] = v 1]

(11)

where [z]+ = max {0, 2} and

1{n7én’}_{

1, ifn#n

0, n=n
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Theoretical Analysis: Dynamic Regret

® Dynamic Regret: Test the capability of an online algorithm in a dynamic
environment.

T

R,[t] =Y (0" (f,lt]) — B (F510)] (12)

t=P

® Sub-linear dynamic regret by suitably choosing € as long as
n=S"T llai[t] — e[t — 1|2 is sub-linear.
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Experiment 1: synthetic data

e N=5,P=4,T=3000, equation (1)(VAR)

® Adjacency matrix generated with edge probability .3

Non linearity in (1) is induced by Gaussian kernel

30% edges disappears

{agpgl,[t]} are estimated b(p), = ||a /[t]]]2 at t = T and find pseudo adjacency
matrix

et
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True dependencies at t=2990

4 6 8 10

RFNL-TIRSO-Estimate at t= 2090

True dependencies at t=990 True dependencies at t=1990

2 6 10

RFNL ﬂRSO Estlmale at 1= 990 RFNL-TIRSO-Estimate at t= 1990

2 4 6 8 10
RFNL-TISO-Estimate at t= 2990

6 8 10 2 4 6 8 10
RFNL-TISO-Estimate at t= 990 RFNL-TISO-Estimate at t= 1990

Py 4 6 8 10 2 4 6 8 10 2 4 6 8 10
TIRSO estimate at t=1990 TIRSO estimate at t=1990

TIRSO estimate at t=1990

simulamet

Simula Metropolitan Center for Digital Engineering AS

16 of 32



SIGIPRO

Experiment 2: Real data

® Real data from Lundin’s offshore oil and gas (O&G) platform Edvard-Grieg?
® Temperature (T), pressure (P), or oil-level (L) sensors placed in separators.

® The causal dependencies among the 24 time series obtained by averaging the
RFNL-TIRSO estimates for one hour

https://www.lundin-energy.com/
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NMSE
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Missing data
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Missing data
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Problem formulation

® Masking vector m[t] € RY
® Observed vector signal y[t]
* y[t] = [wlt], ..., ynl7]] T € RY

ylt] = m[t] © (y[t] + e[t])

simulam%
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Signal reconstruction

Un [t] = arg gil[i]l & (am Yn [t]) (14)
o] = rmaltlialt] k)M 15)

M 4+ vmy[t]  vmy[t] + M,y
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Online Topology Identification
* G (an) = 5[0alt] — ay zo[t])?

N P
G, = arg min £} (an) +A Y D ) 12 (16)
n/=1p=1

simulamcﬁ
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Online Topology Identification
o [} (an) = 5lUnlt] — oy 2o[t]]?
N P

&, = arg min € () +A > > [lal) ||z (16)

on n/=1p=1

® Closed form solution
ol [t +1] = (@), [ = wv?),[1) %

[1 2. 5 75 n } ]
|, 1] = v, 1]l

(17)
where [z]4 = max {0,2} and

un¢ﬂ}:{

1, ifn#n

0, n=n

simulamet

72 of 32



SIGIPRO

Experiment (a): Real data

e N=24, P=12,T = 4300

e Data from 8 sensors available at a time

Graph topology estimated: full data Graph topology estimated: 33.33% data
@
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Experiment (b): Real data

® Sensor data missing from t = 4000 to t = 4200
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Time structured approach

® Predict the model based on its evolution and then correct the prediction when the
new data sample is available
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Experiment synthetic data

* N=5, T= 5000

® W|0] € R>*® is constructed using an Erdés-Rényi random graph with diagonal
entries zero

y[t] = 0.1 — W[t]) 'uft] + 0.1sin((I — W[t]) ult]) (18)

W]t + 1] = W[t] + 0.001 sin(0.01£) W] (19)
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MSE comparison and convergence in terms of dynamic regret
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Conclusion

Nonlinearity

Dynamic
nature

Regret
analysis

Scalability

Missing data

20 of R?

simulamet

Simula Metropolitan Center for Digital Engineering AS



Do check out

® R. Money, J. Krishnan and B. Beferull-Lozano, " Sparse online learning with
kernels using random features for estimating nonlinear dynamic graphs,” in IEEE
Transactions on Signal Processing 2023

® R. Money, J. Krishnan and B. Beferull-Lozano, "Random feature approximation
for online nonlinear graph topology identification,” European Signal Processing
Conference (EUSIPCO) 2022

® R. Money, J. Krishnan, B. Beferull-Lozano and E. Isufi, " Scalable and
privacy-aware online learning of nonlinear structural equation models,” in IEEE
Open Journal on Signal Processing 2023
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