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• 151 references, including 7 papers from NAS

2

S. Freitas, D. Yang, S. Kumar, H. Tong and D. H. Chau, "Graph 
Vulnerability and Robustness: A Survey," in IEEE Transactions on 
Knowledge and Data Engineering, doi: 10.1109/TKDE.2022.3163672.

• Quantify robustness of a network

• use network metrics

Introduction

• Faculty: EEMCS

• Department: Quantum & Computer Engineering

• Section: Network Architectures & Services

Aim of this talk: discuss Kemeny’s Constant



John George Kemeny

• János György Kemény (1926 - 1992)

• Joined Manhattan Project aged 18!

• Invented BASIC programming language



What is Kemeny’s Constant?

• Undirected graphs

• Random walks
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What is Kemeny’s Constant?

• Undirected graphs

• Random walks
Pr(1→3) = 1/3
Pr(1→4) = 1/3
Pr(1→5) = 1/3

• Mean first passage time

• Kemeny’s Constant = mean first passage 
time from a given node to a “randomly” 
chosen other node
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Applications

• Efficient testing for COVID in communities

PLOS ONE: 2020



Background

• Joint work with Johan Dubbeldam (EEMCS/DIAM) 

• Maria Predari



Background

• A: adjacency matrix of graph G(N,L)

• : diagonal degree matrix

• P: transition probability matrix

• : steady state probability vector
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Background

• Q: Laplacian matrix

• eigenvalues:

• Q†: Moore-Penrose pseudo inverse of Laplacian 
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Background

• RG: effective graph resistance
Effective resistance 
between two nodes

Considers all paths 
between the nodes

RG:   Sum of all effective resistances



Background

mji: mean first passage time

k: eigenvalues of 

: vector with diagonal elements Q†

d: degree vector

Wang, Dubbeldam, Van Mieghem (LAA;2017) 



Overview

• Complete bi-partite graphs and some trees
• Windmill graphs
• Relation with effective graph resistance
• A sharp upper bound
• Real-world networks
• A class of biregular graphs
• Analysis for large networks
• Future work
• Wrap-up



Complete bi-partite graphs and some 
trees
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KN1,N2

Using random walks and probabilities



Complete bi-partite graphs and some 
trees
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Windmill graphs

• Introduced by Estrada (2016)
•  cliques of order k
• connected through central node

• N →  
• clustering coefficient → 1 while transitivity index → 0  



Windmill graphs

• Generalized windmill graph: W’(,k,l)
•  cliques of order k
• connected through central clique of order l



Windmill graphs

• Representation in P-space

• Prof. Oded Cats
• Fac. CiTG

• Application: Public Transport Networks



Windmill graphs

• K(P) for W’(,k,l) using spectrum of 

spectrum:



Windmill graphs

W’(,k,l) 

Special case: l = 1; windmill graph W(,k) 



Relation with effective graph resistance

• Palacios (2010)
• r-regular graphs on N nodes

• Approximation for non-regular graphs
• Average degree D
• Heterogeneity index H

• Choose f(N,L) such that K*(P) is exact for KN1,N2



Relation with effective graph resistance

• for KN1,N2

• for KN1,N2



Relation with effective graph resistance

• Exact for regular graphs

• Exact for complete bipartite graphs

• Also exact for windmill graphs!



Relation with effective graph resistance



A sharp upper bound

• K*(P) is not an upper bound

Wang, Dubbeldam, Van Mieghem (LAA;2017) 



A sharp upper bound

• KU(P) is tight for (generalized) windmill graphs



Real-world networks

• Data from Internet Topology Zoo
• 243 communication networks



Real-world networks



Real-world networks



Real-world networks



A class of biregular graphs

G1

k1-regular graph
N1 nodes

G2

k2-regular graph
N2 nodes

join

k1 = 3
N1 = 10

k2 = 5
N2 = 8



A class of biregular graphs

G1

k1 = 0
N1 nodes

G2

k2 = 0
N2 nodes

join

complete bi-partite graph



A class of biregular graphs

G1

 copies of Km

G2

1 nodejoin

windmill graph



A class of biregular graphs

Theorem: KU(P) is tight for this class 
of biregular graphs

Proof: exploit properties of eigenvalues and eigenvectors of Q



A class of biregular graphs

G1

k1 = 10
N1 = 100

G2

k2 = 8
N2 = 20

K = KU = 119.24



A class of biregular graphs

• Properties of our class of graphs
• Biregular

• Diameter = 2

• Not sufficient for KU to be tight

K = 9.766

KU = 9.774



Analysis for large networks

O(N3)

E. Angriman et al. Approximation of the diagonal of a Laplacian’s 
pseudoinverse for complex network analysis, in: ESA, Vol. 173 of 
LIPIcs, 2020, pp. 6:1–6:24.

• Fast approximation of diagonal elements of Q†

• Errors due to sampling parameter  



Analysis for large networks

medium

large



Analysis for large networks

Results for medium graphs

 Average Rel. Error Average  Speed Up

0.1 0.33% 2

0.3 0.27% 18

0.5 0.25% 48

0.9 1.26% 141



Analysis for large networks

Results for large graphs



Future work

• Use K as proxy for network robustness

• Use K as indicator for detecting anomalies in bank 
transaction networks

• Define quantum Kemeny’s constant



Wrap-up

• Explicit expressions for K for some graph families

• Approximation using effective graph resistance

• Sharp upper bound

• Validation on real-world networks

• New class of graphs for which upper bound is sharp

• Analysis of some large networks



Thanks for your attention!

• r.e.kooij@tudelft.nl

mailto:r.e.kooij@tudelft.nl
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