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The DAG learning problem Uriversiad
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» Consider a set of random variables with unknown dependencies
= The underlying structure is a directed acyclic graph (DAG)
= Our goal is to learn the DAG structure from the observed data
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Why DAGS? Universidad
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» DAGs have become prominent models in various ML applications
= DAG edges may encode causal interpretations
= Conditional independencies among variables in Bayesian networks
= Applications: biology , genetics , finance
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DAGs vs. Causality
» Causality can always be expressed as a DAG but the converse is not true

= Not every DAG encodes causal relations
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Learning graphs: accounting for cycles T—

Rey Juan Carlos

» Graph learning aims to infer the graph structure from nodal observations
= lll-posed problem requires structure (signal model, sparsity...)
= Directionality introduces additional complexity

» Learning the DAG structure comes with challenges
= Imposing acyclicity is a combinatorial constraint
= Multiple DAGs may generate the same data distribution
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Learning graphs: accounting for cycles T—
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» Graph learning aims to infer the graph structure from nodal observations
= lll-posed problem requires structure (signal model, sparsity...)
= Directionality introduces additional complexity

» Learning the DAG structure comes with challenges
= Imposing acyclicity is a combinatorial constraint
= Multiple DAGs may generate the same data distribution

Can we impose additional structure to simplify the
DAG learning problem?
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Background on DAG learning

Non-negative DAG learning

Numerical evaluation

Concluding remarks
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DAGS and Iinear SEM Universidad
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» DAG D = (V, &) with |V| = d nodes
= Adjacency matrix W € R9*
= Entry W # 0 indicates a directed link i — j
= W can be permuted into upper triangular

» Define a graph signal x € R?
= D encodes conditional independence on x
= x; depends on parents PA;={jeV: W, #0}

Samuel Rey Non-negative Weighted DAG Structure Learning



DAGS and Iinear SEM Universidad

Rey Juan Carlos

» DAG D = (V, &) with |V| = d nodes
= Adjacency matrix W € R9*
= Entry W # 0 indicates a directed link i — j
= W can be permuted into upper triangular

» Define a graph signal x € R?
= D encodes conditional independence on x
= x; depends on parents PA;={jeV: W, #0}

> Linear structural equation model (SEM) to generate X € R¥*" consists of

xi=Y Wixi+z = X=WTX+Z
JEPA;

= Exogenous input Z with diagonal covariance matrix

= |dentifiable for non-Gaussian or homoscedastic Gaussian noise
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Problem statement Unherstad
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» Given the data matrix X © 27*" adhering to a linear SEM

» Learn the adjacency matrix W solving score-minimization problem

mv\iln F(W; X) subjectto W €D

= With desired score function F(W; X) and space of DAGs DD

» Learning a DAG solely from observational data X is NP-hard
= Combinatorial acyclicity constraint W € DD difficult to enforce
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Problem statement Unherstad
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» Given the data matrix X © 27*" adhering to a linear SEM

» Learn the adjacency matrix W solving score-minimization problem

mv\iln F(W; X) subjectto W €D

= With desired score function F(W; X) and space of DAGs DD

» Learning a DAG solely from observational data X is NP-hard
= Combinatorial acyclicity constraint W € DD difficult to enforce

Discrete optimization
» Combinatorial search method with likelihood / Bayesian scoring functions

= Resort to greedy search due to scalability issues
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Order-based methods Universdad
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> If the causal (partial) order were known
= W expressed as an upper-triangular matrix

0 Wi Wiz Wiy Wis
0 0 0 Wy O
W= |0 0 0 W34 Wis
0 0 0 0 Wys
0 0 0 0 0

» Exploit parameterization W € D < W = N TUn

= U is an upper-triangular weight matrix

= Permutation matrix I encodes causal ordering
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> If the causal (partial) order were known
= W expressed as an upper-triangular matrix

0 Wi Wiz Wiy Wis
0 0 0 Wy O
W= |0 0 0 W34 Wis
0 0 0 0 Wys
0 0 0 0 0

» Exploit parameterization W € D < W = N TUn

= U is an upper-triangular weight matrix

= Permutation matrix I encodes causal ordering

» Search over exact DAGs in an end-to-end differentiable fashion
= Learn permutations , bi-level optimization

» Recovering the causal ordering is challenging with limited data
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Continuous acyclicity functions Uriversiad
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» NOTEARS characterized acyclicity via smooth function h(W) : R9*¢ — R
= The zero level set corresponds to DAGs

h(W)=0 < WeD

= The acyclicity function is h(W) = tr (eV°W) — d
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» NOTEARS characterized acyclicity via smooth function h(W) : R9*¢ — R
= The zero level set corresponds to DAGs

h(W)=0 <= WeD
= The acyclicity function is h(W) = tr (VW) — d

> ldea: diagonal of (W o W)k contains information about k-length cycles

= Term k! can lead to instabilities
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» NOTEARS characterized acyclicity via smooth function h(W) : R9*¢ — R
= The zero level set corresponds to DAGs

h(W)=0 <= WeD
= The acyclicity function is h(W) = tr (VW) — d

> ldea: diagonal of (W o W)k contains information about k-length cycles

= Term k! can lead to instabilities

o \Wk 100 010 ;001 ,[too0
V=>"—"=1010+|001/+-[100|+= (010 +--
k! 2 6
k=0 001

100 010 001
self-loops cycles of size 2 cycles of size 3
X1
X2 x3
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From discrete to continuous T—
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» Continuous acyclicity constraint offers alternative representation of D

= From combinatorial search to non-convex continuous optimization

mvjln F(W;X)s. toWeD < mv\iln F(W;X)s. to (W) =0

» Huge breakthrough enabling more efficient DAG learning methods!
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From discrete to continuous T—
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» Continuous acyclicity constraint offers alternative representation of D

= From combinatorial search to non-convex continuous optimization

mvjln F(W;X)s. toWeD < mv\iln F(W;X)s. to (W) =0

» Huge breakthrough enabling more efficient DAG learning methods!

» This discovery propelled the design of different acyclicity functions
= DAGMA is the state-of-the-art with appealing features

hdagma(W) = dlog(s) — logdet(sl —W o W), s> p(W o W)
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Current limitations Unherstad

Rey Juan Carlos

» The product W o W is a key component of acyclicity functions
= Introduces additional non-convexity and important limitations

» Every DAG is a stationary point of the acyclicity functions

Vhnotears(W) = (VW) 02W == Vhporenrs (W) = 0 for all W € D
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Current limitations Unherstad
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» The product W o W is a key component of acyclicity functions
= Introduces additional non-convexity and important limitations

» Every DAG is a stationary point of the acyclicity functions

Vhnotears(W) = (eWW) T 02W = Vhyppes(W) = 0 for all W € D

» The KKT condition of the DAG learning problem is
VFE(W*; X) +AVh(W*) =0

= The optimal DAG must also be a stationary point of F(W; X)
= If F is convex VF(W; X) = 0 holds only for minimizers of F
= Leads to numerical instability and convergence issues
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Acyclicity for non-negative DAGs —
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» Qur idea: assume adjacency matrix W has non-negative entries
=- Remove dependency on W o W for acyclicity

Proposition

For any W € R9*“ with bounded spectral radius p(W) < s, W € D iff

hidet(W) := dlog(s) — log det(sl — W) =0

> Highlight of the proof: — logdet(l — W) =>"/, ﬂ‘,’(\’—kz
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» Qur idea: assume adjacency matrix W has non-negative entries
=- Remove dependency on W o W for acyclicity

Proposition

For any W € R9*“ with bounded spectral radius p(W) < s, W € D iff

hidet(W) := dlog(s) — log det(sl — W) =0

> Highlight of the proof: — logdet(l — W) =>"/, #2
» DAGs are not stationary points of our acyclicity function
Vhiget(W) = (sl —=W)™ T = Vhjgee(W) # 0 for all W e D

= Acyclicity without W o W holds for other functions as well
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Non-negative DAG learning —
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» Learning DAGs with non-negative weights amounts to solving
. 1 d
W:argmv\iln ZHX_WTXHZF""QZIWU
ij=
s.t. W > 0, h/det(W) =0

= Least squares with ¢; regularization to account for linear SEM

» Amenable optimization landscape in exchange for negative connections
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Non-negative DAG learning —
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» Learning DAGs with non-negative weights amounts to solving

d
A o1 Ty |2
W:argmv\lln %HX—W X\|F+aZIV|/,-j
ij=
s.t. W > 0, h/det(W) =0

= Least squares with ¢; regularization to account for linear SEM
» Amenable optimization landscape in exchange for negative connections
» To obtain a DAG the acyclicity constraint must be accurately satisfied

» Resort to the method of multipliers to solve the constrained problem
= Well-known method with convergence guarantees

= Features of our hjge:(W) avoid numerical issues
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Method of multipliers T—
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P lterative algorithm based on the augmented Lagrangian
Le(W, \) = F(W; X) + Ah(W) + gh(W)z

= Lagrange multiplier \ and penalty parameter ¢
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P lterative algorithm based on the augmented Lagrangian
Le(W, \) = F(W; X) + Ah(W) + gh(W)Z

=- Lagrange multiplier \ and penalty parameter ¢

DAG learning algorithm

Step 1: Estimate DAG by solving W+ = arg minysg L (W, A(K)
Step 2: Update Lagrange multiplier ~ A(<t1) = \(K) 4 (k) p(w(k+1))

Step 3: Update penalty parameter c(k+1)
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P lterative algorithm based on the augmented Lagrangian
Le(W, \) = F(W; X) + Ah(W) + %h(W)Z

=- Lagrange multiplier \ and penalty parameter ¢

DAG learning algorithm

Step 1: Estimate DAG by solving W+ = arg minysg L (W, A(K)
Step 2: Update Lagrange multiplier ~ A(<t1) = \(K) 4 (k) p(w(k+1))

Step 3: Update penalty parameter c(k+1)

» Non-convex h(W) = Convergence to constrained solution not guaranteed

= In practice we observe recovery of the ground truth!
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Beyond standard SEMs T—
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» Proposed acyclicity function can be readily applied to other scores

1) CoLiDE uses score function accounting for noise covariance

= Jointly estimate non-negative W and X for heteroscedastic data
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» Proposed acyclicity function can be readily applied to other scores

1) CoLiDE uses score function accounting for noise covariance

= Jointly estimate non-negative W and X for heteroscedastic data

2) Consider time series signals x; adhering to SVARM

P
Xt = WTXt + Z A;thp + z¢

p=1

Time t — 2 Time t

= W and A, capture instantaneous and lagged dependencies
= Joint estimation of DAG W and A adapting the score function
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Synthetic evaluation - Test case 1 T—
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» Non-negative ER graphs with d = 100 nodes and average degree 4
= Signals sampled from linear SEM with z ~ N(0, o)
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> Proposed acyclicity constraints outperform alternatives

= The error goes to 0 as number of samples grows
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Synthetic evaluation - Test case 2 T—
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» n = 5000 signals sampled from a SVARM with z ~ A/(0, ol)
= P =2 time-lagged matrices A, with average degree of 1

—@— NonNeg-DYN (W)~ @~ NonNeg-DYN (A)
—— DYNO (W) - %= DYNO (A)
1 T —————

10* 10%
(b) Number of nodes

» Proposed acyclicity results in almost perfect Fscore
= Better recovery of W helps in estimation of A
» Methods based on continues acyclicity can manage large DAGs
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Real-data evaluation - Sachs dataset
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» Sachs dataset contains protein measurements from human system cells

= Comprises 11 nodes, 17 edges and 853 observations

= DAG from experimental methods validated by biological community
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Non-negative

Ground Truth SHD=10, F1=0.61
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Conclusions Unherstad
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» DAGs encode causal and dependency relations
= Imposing acyclicity to learn the DAG is non-trivial

» Recent development of smooth functions to impose acyclicity
=- Frames DAG learning as a continuous optimization problem

> Assuming non-negativity leads to a more tractable problem
= Impose acyclicity without the term W o W
= Principled constrained optimization method with empirical convergence
= Flexible strategy applicable to different score functions

» Ongoing and future work: characterizing convergence
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Questions at: samuel.rey.escudero@urjc.es
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